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a b s t r a c t
A model for the evolution of envelope waves in non-linear dispersive media is analyzed.
With the help of coupled Non-Linear Schrödinger Equations (NLSE), the Modulation
Instability (MI) of electromagnetic waves with periodic dispersion is investigated. A
mathematical formulation is also derived for the MI gain. The analytical predictions are
confirmed with numerical simulations of coupled NLSE with periodic constants.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The Non-Linear Schrödinger Equation (NLSE) is well known as a generic model for describing the evolution of envelope
waves in non-linear dispersive media. The equation applies to electromagnetic fields in optical fibers [1], deep water
waves [2] and other types of perturbation in plasma such as electron acoustic waves and waves in dirty plasma [3–5].
The NLSE typically appears in the Hamiltonian form as
iut = −uxx + b |u|2 u
where u is a complex envelope field and represents the strength of the non-linearity. The cases b > 0 and b < 0 correspond,
respectively, to the self-focusing and self-defocusing NLS equations. One of the most important dynamical features of the
NLS equation is the Modulation Instability (MI) of the spatially uniform or ContinuousWave (CW) solution. The onset of MI
leads to the formation of solitary waves [6–8] and coherent structures in all of the above settings. The aim of the present
work is to examine the MI in the context of coupled NLSE. Our aim is also to analyse two-step scheme of dispersion for
coupled NLSE. Our presentation is structured as follows.
In Section 2 the model is described in terms of coupled NLSE. The mathematical formulation for MI gain is developed
in Section 3. The analysis of MI with a two-step dispersion managed scheme is also performed in this section. In Section 4
numerical simulation of the MI is performed to confirm the analytical prediction.
2. Description of the model
We shall study two polarized waves in a periodic transmission line with an arbitrary dispersion β(x). The governing
system is the system of two coupled modified NLSE
iux + β(x)utt + γ
(|u|2 + α |v|2) u = 0 (1)
ivx + β(x)vtt + γ
(|v|2 + α |u|2) v = 0 (2)
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where x and t are the conventionally normalizeddistance and time in themoving reference frame andα = 1 for orthogonally
polarized waves.
The dispersion coefficient β(x) is a periodically x-varying function.
The system has non-linear plane wave solutions:
u0 = Aeiγ (A2+αB2)x (3)
v0 = Beiγ (B2+αA2)x. (4)
Let us perform linear stability analysis, representing the solution in the form
u = (A+ u1)eiγ (A2+αB2)x (5)
v = (B+ v1)eiγ (B2+αA2)x. (6)
Then the equations for the corrections u1, v1 are
iu1x + β(x)u1tt + γ A2
(
u1 + u∗1
)+ γαAB (v1 + v∗1) = 0 (7)
γ v1x + β(x)v1tt + γ B2
(
v1 + v∗1
)+ γαAB (u1 + u∗1) = 0. (8)
Now we perform Fourier transformations.
We get
iu1x (ω)− β(x)ω2u1(ω)+ γ A2
[
u1 (ω)+ u∗1 (−ω)
]+ γαAB [v1 (ω)+ v∗1 (−ω)] = 0 (9)
iv1x (ω)− β(x)ω2v1(ω)+ γ B2
[
v1 (ω)+ v∗1 (−ω)
]+ γαAB [u1 (ω)+ u∗1 (−ω)] = 0. (10)
Here the system (7) and (8) contains second-order derivatives w.r.t. t , so u1(t) = u1(−t) and v1(t) = v1(−t), which also
implies that u1(ω) = u1(−ω) and v1(ω) = v1(−ω).
We can then separate the system (9) and (10) into real and imaginary parts, using u1 = a+ ib, v1 = c + id.
We get the system
ax = β(x)ω2b (11)
bx = −β(x)ω2a+ 2γ A(Aa+ αBc) (12)
cx = β(x)ω2d (13)
dx = −β(x)ω2c + 2γ B(Bc + αAa). (14)
Throughout the work we shall consider the particular case A = Bwhich simplifies the algebra.
3. Analysis for the two-step dispersion managed scheme
3.1. The expression for the MI gain
Let us consider now the particular configuration where β is stepwise constant and takes two different values β1 and β2
at regularly spaced intervals with lengths L1 and L2 respectively.
The system is consequently periodic with period
L = L1 + L2.
More precisely,
β(x) = β1 if x ∈ [nL, nL+ L1) for n = 0, 1, 2 . . .
= β2 if x ∈ [nL+ L1, (n+ 1) L) for n = 0, 1, 2 . . . .
Eqs. (11)–(14) can be solved analytically over intervals where β is constant. Set
f ± = a± c
g± = b± d.
The functions (f +, g+) and (f −, g−) satisfy closed form and independent equations. Over intervals of type j (where β = βj),
j = 1 or 2, (f +, g+) and (f −, g−) satisfy
f ±xx + βjω2
(
βjω
2 − l±−1) f ± = 0
g± = f
±
x
βjω2
.
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Here l+ and l− are the characteristic wavelengths
l± = 1
2γ A2 (1± α) . (15)
Applying continuity conditions for the fields and for the timederivatives at the boundaries, it is then obvious how to compute
the general solutions of these linear differential equations with constant coefficients:(
f ±
g±
)
(nL+ L1) = M±1 (L1)
(
f ±
g±
)
(nL)(
f ±
g±
)
[(n+ 1)L] = M±2 (L2)
(
f ±
g±
)
(nL+ L1)
where the matricesM±j are given by
M±j (x) =
cos
(
k±j x
) βjω2
k±j
sin
(
k±j x
)
− k
±
j
βjω2
sin
(
k±j x
)
cos
(
k±j x
)
 (16)
with
k±j (ω) =
√
βjω2
(
βjω2 − l±−1
)
. (17)
Here if the expression inside the squared root is negative valued, then k±j is imaginary, and the cos and sin which appear in
Eq. (16) should then be interpreted as cosh and i sinh.
Define
M± = M±2 (L2)M±1 (L1) .
We get the recursive relation(
f ±
g±
)
[(n+ 1)L] = M±
(
f ±
g±
)
(nL).
From this we deduce that(
f ±
g±
)
[nL] = M±n
(
f ±
g±
)
(0).
More generally, if x ∈ [nL, nL+ L1) then(
f ±
g±
)
(x) = M±1 (x− nL)M±n
(
f ±
g±
)
(0)
and if x ∈ [nL± L1, (n+ 1)L) then(
f ±
g±
)
(x) = M±2 (x− nL− L1)M±1 (L1)M±
(
f ±
g±
)
(0).
We shall observe an exponential growth of a, b, c or d (or equivalently f +, g+, f − or g−) if and only if one of the eigenvalues
ofM+ andM− has a modulus larger than 1.
Let us denote the two eigenvalues ofM+(M−) by λ+1 and λ
+
2 (λ
−
1 and λ
−
2 ); since det(M
±) = 1 we have
λ±1 λ
±
2 = 1. (18)
So there is stability only when∣∣λ+1 ∣∣ = ∣∣λ+2 ∣∣ = ∣∣λ−1 ∣∣ = ∣∣λ−2 ∣∣ = 1.
Otherwise there is an MI gain and an exponential gain per unit length given by
G = 2
L
max
(
ln
∣∣λ+1 ∣∣ , ln ∣∣λ+2 ∣∣ , ln ∣∣λ−1 ∣∣ , ln ∣∣λ−2 ∣∣) .
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From Eq. (18), this expression can be simplified to
G = 2
L
max
(∣∣ln ∣∣λ+1 ∣∣ ∣∣ , ∣∣ln ∣∣λ−1 ∣∣ ∣∣) .
Let us now study more carefully the spectra of the matricesM±. One finds that the eigenvalues have the following forms:
λ±1 = a± +
√
a±2 − 1
λ±2 = a± −
√
a±2 − 1
where
a± = cos (k±2 L2) cos (k±1 L1)− 12 (r± + r±−1) sin (k±2 L2) sin (k±1 L1) (19)
r± = k
±
1 β2
k±2 β1
. (20)
Here a± is always real valued even when k±1 and/or k
±
2 is complex valued. This can be checked by simple algebra using the
fact that k±j is either real valued or purely imaginary.
Now two possible cases arise:
(1) If a±2 > 1, then eigenvalues λ±1 and λ
±
2 are real valued and strictly different. Since the product λ
±
1 λ
±
2 is equal to 1, at
least one of the eigenvalues has a modulus larger than 1.
(2) If a±2 < 1, then, defining b± = √1− a±2 the eigenvalues are given by λ±1 = a± + ib± and λ±2 = a± − ib±. Since their
product is equal to 1, we have a±2 + b±2 = 1, which means that there exists some θ+ such that a± = cos (θ±) and
b± = sin (θ±), consequently. λ±1 = exp iθ± and λ±2 = exp(−iθ±) both have modulus 1.
In conclusion, there is stability if and only if a−2 − 1 and a+2 − 1 are non-positive valued and otherwise the exponential
gain is
G = 2
L
max
(∣∣∣ln ∣∣∣∣∣a+∣∣+√a+2 − 1∣∣∣∣∣∣ , ∣∣∣ln ∣∣∣∣∣a−∣∣+√a−2 − 1∣∣∣∣∣∣) (21)
where a± depends on all of the parameters of the problem, namely, β1, β2, L1, L2, α and A, and also on the frequency ω
through k±j defined by Eq. (17). Eq. (21) reads as a closed form expression which allows us to plot G(ω) as a function of ω,
given the set of parameters (β1, β2, L1, L2, α, A).
4. Numerical applications
The above analysis of anomalous dispersion was performed under the assumption that the fluctuations were very weak
in the sense that σ  |β|. It appears that the central peak gain is progressively reduced as the strength of the dispersion
management increases. We used the split-step algorithm to solve the NLS equations (1) and (2). As an initial condition we
took
u0(x) = A[1+ σm(x)],
v0(x) = A
wherem(x) is the disturbance with the flat spectrum and σ  1.
Two different cases are considered for numerical simulations, when the average anomalous dispersion is
(L1β1 + L2β2)/(L1 + L2) = +1 ps2 m−1 and (L1β1 + L2β2)/(L1 + L2) = −1 ps2 m−1
and although there is no MI gain in the uniform case β = −1 [9–11], some side bands appear when the dispersion manage-
ment is not zero, but these side bands tend to disappear for strong dispersion management (see Figs. 1 and 2).
5. Conclusion
In conclusion we have investigated the gain spectra of the modulational instabilities of electromagnetic waves with
periodic dispersion (two-step dispersion management). We found that the strong periodic modulation of the dispersion
leads to the suppression of resonant sidebands and essentially reduces the spectral width of the main peak of the MI. These
results can be important for the dispersion management of optical communication using vector optical solitons.
At a final remark I would like to point out that it would also be interesting to consider theMIwith random group velocity.
These problems will be investigated separately.
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Fig. 1. Gain spectra/MI gain per unit length (in meters) versus frequencyw in GHz for γ = 2 W−1 m−1 , L1 = L2 = 20 m, P0 = A2 = 5 mW and α = 2/3.
The curves have same average anomalous dispersion (L1β1 + L2β2)/(L1 + L2) = 1 ps2 m−1 .
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Fig. 2. Gain spectra/MI gain per unit length (in meters) versus frequencyw in GHz for γ = 2 W−1 m−1 , L1 = L2 = 20 m, P0 = A2 = 5 mW and α = 2/3.
The curves have same average anomalous dispersion (L1β1 + L2β2)/(L1 + L2) = −1 ps2 m−1 .
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